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Abstract 

Improving on an earlier proposal, we construct the gauge theories of the quan- 
tum groups U q (N). We find that these theories are consistent also with an ordinary 
(commuting) spacetime. The bicovariance conditions of the quantum differential calcu- 
lus are essential in our construction. The gauge potentials and the field strengths are 
g-commuting "fields", and satisfy g-commutation relations with the gauge parameters. 
The transformation rules of the potentials are given explicitly, and generalize the ordinary 
infinitesimal gauge variations. The g-lagrangian invariant under the U q (N) variations has 
the Yang-Mills form F^F^g^, the "quantum metric" gij being a generalization of the 
Killing metric. 
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In recent times there have been some attempts [1] to construct gauge theories of 
quantum groups [2]. These theories are continuously connected with ordinary Yang- 
Mills theories, just as quantum groups are continuously connected with ordinary Lie 
groups. In ref. [3] we have proposed a geometric approach to the construction of g-gauge 
theories, based on the differential calculus on g-groups developed in [4-9], and we have 
found a g-lagrangian invariant under the action of [SU(2) x U(l)] q . Here we generalize 
the procedure to any quantum group U q (N). 

Spacetime is taken to be ordinary (commutative) spacetime, but the whole discussion 
holds for a generic g-spacetime. 

We start by recalling some essential facts about quantum Lie algebras. There are 
many ways to deform Lie algebras: here we consider the one that naturally comes from 
the quantum differential calculus, i.e. the g-algebra of the quantum tangent vectors. The 
notations will be as in ref. [9]. 

The g-algebra we obtain from a bicovariant differential calculus is given by the q- 
commutations between the quantum generators Tf. 

TiTj — A kl i:j TkTi = Cy- k Tk (1) 

The braiding matrix A and the g-structure constants C i ■ h can be expressed in terms of 
the .R-matrix of the corresponding g-group, as shown in [6] and further discussed in [7-9], 
and satisfy four conditions: 

A ij kl A lm sp A ks qu = A^ kl A% s A sl up (Yang - Baxter equation) (2a) 

C mi r C rj n - A*' y C mJl rC pl n = C y k C mk n (q - Jacobi identities) (26) 

C ts j A sq rl A ir pk + C rl W r pk = A™ ri A si kl C ps r + A jq pi C kl * (2c) 

A ir mk A k8 nl Cj = A^C mn fc (2d) 

cf. for ex. [4,5,9]. The last two conditions are trivial in the limit q — > 1 (A lJ kl = Sl5 k ). 
The q- Jacobi identity shows that the matrix (Ti)j k = C ji k is a representation (the 
adjoint representation) of the q-algebra (1). 

This is all the information we need from the general theory of [4] . We introduce now 
the definition of field strength 

Ffiu = -(dfj,A u - d v A^ + A^A V - A U A„) = d [fl A u] - A [fl A v] (3) 

where 



The gauge potentials A l v satisfy the g-commutations: 
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A tA] = -fT^ {A + A_1) ^4X] (4) 

and simply commute with the quantum generators T^. The square parentheses around 
the jj,, v indices stand for ordinary antisymmetrization. The inverse A -1 of the braiding 
matrix always exists [4] and is defined by (A~ 1 ) lJ fcZ A fcZ mn = 5 l m 5 J n . The rule (4) is inspired 
by the ^-commutations of exterior products of left-invariant one-forms on the quantum 
groups U q (N): 

A* A Ai = -^=2 ( A + A-W* A A 1 (5) 
deduced in ref. [9]. Then replacing 

A 1 = A^dx** (6) 

into eq. (5) yields the rule (4). Note that the differentials dx^ are ordinary spacetime 
differentials, commuting with A 1 ^. 

For future use we define the projectors: 

Ps ij kl - 2 ~ g2 \ — 2 [(g 2 + T 2 ) + (A + A" 1 )]-,, (7a) 

Pa 3 u - 2 - q2 \ q _ 2 [21 - (A + A~ 1 )] i \ l (7b) 

where I lJ kl = d l k 5j is the identity matrix. It is not difficult to verify the properties: 

P S P S = PaPa = I, PsPa = PaPs = (8) 
due to the spectral decomposition of A [7]: 

(A + o 2 /)(A + (7 - 2 /)(A-/)=0, (9) 
a consequence of the Hecke relation for the U q (N) i?-matrix [2c]. 

We are now ready to compute the explicit form of the field strength: 

F%T i =d bl At /] T i + AlAi ] Ta , j = 

=5^4,^ + aA\^ v] T{T d + (1 - a )AlAi ] T i T S = 

=d { ,Al ]Tl + aAlAi ]TiTj - ^^(A + A" 1 ) V^TfcT, ^ 
=d { ,Ai ]Ti + aAlA^T, - Q( ^~^ 2) (A + A~ 1 ) kl ij T k Ti] 

where we have used the (/-commutations (4). Setting a = 2+q -? +q s we find: 

3 



since 



TiTj - i(A + A-^ijTkTi = i[C y n - (A- 1 )*^.^, n ]T n (12) 
(use (1) and the relation one obtains after multiplying (1) by A -1 ). Let us define 

C w »sC w »-AVy» (13) 

Then 

Cy n - (A- 1 )*^^, " = (2 + g 2 + <T 2 )P A *' y C7 w » (14) 
and the field strength can finally be written as: 

*lu = d[»K] + PA kl mn C kl *A^A: } (15) 

Note that the Cartan-Maurer equations for the left invariant one-forms on the quan- 
tum groups U q (N) can be written as: 

dA* + P A kl mn C kl *A m AA n = 

so that the right-hand side of eq. (13) is to be expected (see ref.[9] for a discussion on 
quantum Cartan-Maurer equations and g-curvatures). 

We next define the gauge variations: 

SAfj, = -<V - A^e + eA^ (16) 

with 



e = e l Ti 



and postulate the commutations 

^4 = ^\iA k / (17) 
Under the variations (16) the field strength transforms as: 

8F^ = eF^ - F^e (18) 

Indeed the calculation is identical to the usual one. 
Using (17) the gauge variations of A 1 ^ become 

«4 = -V - 4e*Cy (19) 



Let us derive the commutations of e l with . To be as general as possible we 
rewrite the ^-commutations (17) as: 

e l & = A ij kl A k e l (20) 
i.e. we do not use (6): our results will be valid even for g-spacetime. We prove now that: 

£ i F i = A ij kl F k e l (21) 
Taking the exterior derivative of (20) yields (we omit wedge symbols in the following): 

{de l )A J + e i dA j = A ij kl [(dA k )e l + A k (de 1 )] (22) 
Requesting that the de terms separately cancel leads to: 

(de l )Ai = A ij kl A k (de l ) (23a) 
e i dA j = A ij kl (dA k )e l (236) 

Eq. (23b) tells us that the dA l part of F % does satisfy (21). What happens to the 
quadratic piece ? We should find that 

£ i A rn A n [Cm j _ (A~ 1 ) pq mn C pq j ] = ^^A^C^ - (A" 1 )™^ pq k ]e l (24) 

in order to satisfy (21). The left-hand side can be ordered as AAe by using (20) twice, and 
comparing it to the right-hand side we find an equation of the type AAC — AAA _1 C = 
AC — AA _1 C. The first and the third term cancel because of the bicovariance condition 
(2d); the second and the fourth term give: 

A " m fcA " n j(A 1 ) PQ rs = A- ° kli^- 1 ) P9 mn^pq (25) 

Multiplying both sides by A. m ™ v and using the Yang-Baxter equation (2b) leads again to 
the bicovariance condition (2d). Thus the e,F commutations (21) hold because of the 
bicovariance conditions (2b) and (2d), and can be used in eq. (18) to yield: 

SF i = -F j e k C J 

Does the condition (2c) also play a role ? The answer is yes: it ensures that the 
commutation relations (4) (or equivalently (5)) are preserved under the g-gauge trans- 
formations (16). Indeed the gauge variation of (5) is: 

5A l A J + A l 5A J = - + 1 g _ 2 ( A + A " 1 ) lJ fcz(^ fc ^ + A k 5A l ) (26) 

Substitute the variations given by (16) and consider first the terms without derivatives, 
after having them reordered as AAe via eq. (20). Using (5) on the left-hand side leads 
exactly to the bicovariance condition (2c) . The terms in (26) with the de derivatives can 
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be reordered as A{ds) using (23a), and are easily seen to cancel because of the cubic 
relation (9). 

The commutations between F % and A 7 can be obtained by taking the exterior deriva- 
tive of the A, A commutations (5): 

F i A j _ A i F j = ___L_(A + A~ 1 ) ij kl (F k A l - A k F l ) (27) 

Indeed the terms trilinear in A that arise after using dA = R — CAA do cancel, 
since they cancel in the case F l = 0, i.e. for left- invariant A 1 , and the wedge products 
are unaltered in the case F l ^ (For a discussion on the "softening" of quantum group 
geometry, see ref. [9]). 

Finally, we construct the g-lagrangian invariant under the U q (N) quantum Lie alge- 
bra. We set: 



£ = F^F^ 9ij (28) 

where gij , the (/-analogue of the Killing metric, is determined by requiring the invariance 
of C under the g-gauge transformations (16). Under these transformations, the variation 
of the lagrangian (28) is given by 

^ = — C mn -F /Xjy e FftvQij ~ ^m)i^/ii/^uy £ 9ij (29) 
After using (21) for reordering the terms as FFe we find that SC vanishes when 

C„„;A"-' r>//;/ • Cjg mj (30) 

We have not yet succeded in finding the general solution for the g-Killing metric 
gij. However, eq. (30) is not difficult to solve in particular cases. For example, in the 
U q {2) = [SU(2) x U(l)] q case of ref. [3], we find that 

/-2(l-g 2 )+2r -2 

| -2 2r 

9lJ ~ 

V 2g 2 (r+l) 

is the most general q- metric satisfying (30), depending on the deformation parameter 
q and on an extra arbitrary parameter r, related to the ratio of the SU(2) and U(l) 
coupling constants (see ref. [3]). For q — > 1, r — >■ 1 one recovers the usual Killing metric 
of 577(2) x 17(1) . 

Note 1: It is clear that should generalize the q = 1 expression for the Killing 
metric = Tr(CiCj) = C ri S C SJ r . A quantum trace in the adjoint representation is 
needed. 

Note 2: The results of this Letter could be extended to the quantum groups of the 
B,C,D, series. 






2g 2 (r + l) 




(31) 
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